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Abstract. This paper presents a novel conservative Level Set (LS) method for inter-
face capturing in two-phase flows. The purpose of this study is to compare the method
with Volume of Fluid (VOF) and analytical or experimental results. Second order Finite
Volume (FV) method is used for domain discretization.
The most common approach for interface capturing with FV is the VOF method which
is conservative. Special treatment in discretization is required to maintain a sharp inter-
face, which can cause numerical difficulties. The LS method ([2],[3]) is based on a signed
distance function to keep track of the interface and avoids this problem. However, a draw-
back of the LS method is lack of mass conservation since the signed distance function does
not represent any preservable physical quantity.
This paper describes a novel approach to conserve the volume using the LS method for
incompressible two-phase flows. After the advection of the LS variable, global volume
change is measured and the signed distance function is explicitly corrected via source
term to compensate for volume change. The value of the term is iteratively obtained
by successive linear approximations to a given tolerance. To correct the signed distance
function, a redistancing equation is used, as presented in [4]. The redistancing equation
is reformulated to allow solving it implicitly.
The complete mathematical model is implemented in the open source CFD software Open-
FOAM [5]. It is based on incompressible Navier-Stokes equations with Newtonian viscos-
ity. The pressure-velocity coupling is solved using the PISO algorithm.
Validation of the implemented method is done on two test cases. The first case describes
a standing wave in a 2D wave tank. The second case describes a 3D dam break on a
square column [7].
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1 INTRODUCTION

Models that are most often used for interface capturing in Computational Fluid Dy-
namics (CFD) are: Volume Of Fluid (VOF) [16], Lagrangian methods and Level Set (LS)
methods [3]. Although VOF is conservative, its advection can lead to un-boundedness and
consequently to unphysical solutions (i. e. negative density). Then, special convective
discretization schemes must be used to ensure wanted accuracy and boundedness. Rusche
[15] used artificial convective term in the VOF equation to compress the interface. The
present study explores the capability of the Finite Volume (FV) implementation of the
LS method to overcome the above mentioned drawbacks.

The most popular choice of the LS function is the signed distance function [2]. Since
the signed distance function is convected by external velocity field, it is not guaranteed
it will remain a signed distance function. In order to take that into account, redistancing
equation presented in [4] is introduced at every time step. In present study, both the
transport and redistancing equation are solved implicitly. The main drawback of the LS
method is the fact that it is not conservative, since the signed distance function does not
represent a conserved physical property.

The paper is organised as follows: Section 2 describes the mathematical model of in-
compressible, Newtonian two-phase flow with LS method. Both the LS transport and
redistancing equation are written in the form suitable for the FV implicit discretization.
Explicit correction procedure of LS to maintain volume conservation is also described.
Section 3 presents the discretization of LS equations and the flow chart of solution algo-
rithm. Section 4 contains the results of simulations. Results obtained with LS method
are compared with VOF, analytical solution or experiment. Finally, a short conclusion is
given.

2 MATHEMATICAL MODEL

This section presents the mathematical model of incompressible, two-phase flow with
LS method for interface capturing. Redistancing LS equation is also introduced. Finally,
procedure for explicit correction to conserve volume in a closed domain is presented.

2.1 Continuity and momentum equations

The complete mathematical model for incompressible, two-phase flow consists of con-
tinuity equation (1), momentum equation (2) and the LS transport equation (6). The
fluid is assumed to be Newtonian and no turbulence models were included. Continuity
equation can be written as:

∇•u = 0 , (1)

and the momentum equation reads
∂ρu

∂t
+∇•(ρuu) = −∇p∗ +∇•(µ∇u) +∇u•∇µ− f •x∇ρ+ σκ∇α . (2)
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Here u describes velocity field, p∗ dynamic pressure and α volume fraction. f presents
gravitational force. The last term models the surface tension effects, following [13]. Fur-
thermore, ρ and µ present density and dynamic viscosity, respectively. For more details
on the derivation of the above equation, reader is reffered to [16].

2.2 Level Set equations

Fluid properties need to be defined before the solution of momentum equation (cf.
Subsection 2.1). Density and dynamic viscosity are treated using the α (volume fraction)
variable, same as in the VOF approach:

ρ = αρ1 + (1− α)ρ2 , (3)

µ = αµ1 + (1− α)µ2 .

The transport equation for volume fraction in VOF method reads:

∂α

∂t
+∇•(uα) = 0 . (4)

By substituing α with LS variable φ, one obtains the LS transport equation as:

∂φ

∂t
+∇•(uφ) = 0 , (5)

where φ is the signed distance to the interface, defined as follows:

φ(x) =


d , if x ∈ Ω1 ,

0 , if x ∈ Γ ,

−d , if x ∈ Ω2 .

(6)

Here, d is the shortest distance to the interface which is nonnegative. Ω1 denotes part
of the domain that is occupied by the first phase (water), while Ω2 denotes the volume
corresponding to the second phase (air). Γ presents the sharp interface between two
phases. Then, iso contour of φ = 0 presents the interface. Initial condition on φ can be
easily obtained from equation (6) knowing the initial location of the interface.

After the solution of equation (5), φ does not remain signed distance function due to
discretization error and the nature of external velocity field. There are generally two
kinds of procedures one can use to update φ to correct it towards the signed distance
function. The first choice is the direct calculation of d in the narrow band near the
interface [8]. That choice is usually more expensive since one must first find the cells in
the narrow band, and than calculate the shortest distance to the interface. The second
choice, adopted here, is the solution of the redistancing [10] equation:

∂φ

∂τ
+ S(φ0)(|∇φ| − 1) = 0 . (7)
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The unsteady term is introduced to propagate the iterative solution process. It should
be noted that τ has dimensions of length. If the φ is signed distance function, the second
term will be zero since the magnitude of the gradient of φ is equal to one. S(φ0) represents
signum function. During the solution of equation (7), the signum function is not updated,
hence the φ0 argument. The above form of the redistancing equation is not suitable for
implicit FV discretization. The second term can be written as:

S(φ0)(|∇φ| − 1) = S(φ0)

(
∇φ•∇φ
|∇φ|

− 1

)
= w•∇φ− S(φ0) , (8)

where w = S(φ0)∇φ/|∇φ|. The more suitable form of equation (7) is given by:

∂φ

∂τ
+∇•(wφ)− φ∇•w − S(φ0) = 0 . (9)

Evaluation of density and viscosity demands transformation from φ to α. Using signed
distance as the LS variable φ, one can explicitly obtain α. In their work, [9] used dis-
countinuous sinusoidal smoothing to get Heaviside step function from φ. Many authors,
for example [11] use various continuous functions. In this paper, hyperbolic tangent
smoothing proved to be the best solution:

α(φ) =
1

2

(
tanh

(πφ
ε

)
+ 1

)
. (10)

In the above equation, ε is the smearing distance needed for numerical stability. It was
usually chosen as two or three times the cell size in direction normal to the interface. The
equation (10) is simple to implement and it proved to be more numerically stable when
compared to others.

2.3 Conservative correction of Level Set

The signed distance function φ does not represent a conserved physical quantity. This
leads to the fact that after the solution of transport equation (5), global volume fraction
defined as A = Ω1/Ω2 will not be conserved in a closed domain. Hence, non physical
results can occur. When solving the redistancing equation (9), interface can move and
change the volume fraction due to numerical errors. Sussman and Fatemi [4] used a correc-
tion term in the redistancing equation to accommodate for such errors. It should be noted
that such procedure only accommodates for conservation errors done in the redistancing
equation, while the major part of the error may result from the transport equation.

Procedure for conservative correction is based on successive linear fits. Before the sim-
ulation, initial global volume fraction Aref is calculated and stored. After the redistancing
and transport equation, one can easily obtain the next global volume fraction using equa-
tion (10). This volume fraction is denoted by A0 and is usually different than Aref . Since
it was observed that the phase with higher density often loses volume, shifted LS field is
defined with positive source term:
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φi = φ+ cψε = φ+ cδφi , (11)

where φi represents the dummy scalar field needed for the first linear fit. ψ denotes
percentage of smearing distance ε to add for the first time. Value of ψ = 0.01 gave good
results. Discussion on the scalar field c which presents scaling field will be given at the
end of this subsection. Since the shifted LS φi is now introduced, one can easily calculate
new volume ratio Ai. Two pairs of data are then available: A0(δφ = 0) and Ai(δφi = ψε).
Now, a linear fit of the following form can be constructed:

δφ = aA+ b , (12)

where coefficients a and b are given by:

a =
δφi − δφi−1
Ai − Ai−1

, (13)

b = δφi−1 − aAi−1 .

Finally, from equation (11) with known coefficients, one can easily calculate new shift of
LS that should produce the reference volume fraction:

δφi+1 = aAref + b . (14)

The procedure is repeated until the global volume fraction is close to the reference one
to a given tolerance. It was shown that only few iterations are needed to shift the LS in
order to conserve the volume.

The scaling field c in equation (11) was initially chosen to be uniform scalar field equal
to one. Nevertheless, it was observed that the local volume loss was highly influenced by
the velocity field near the interface. Higher velocities in certain regions near the interface
resulted in the volume loss in that particular region. Hence, c was redefined as:

c = |u|/ ˜|u| , (15)

where operator | · | denotes absolute value, and ˜|u| represents the average value of |u|.

3 NUMERICAL PROCEDURE

Previous section (2) completely describes a closed system of equations for incompress-
ible, two-phase flows. The LS redistancing equation (9) can be discretized as follows:[

∂φ

∂τ

]
+ [∇•(wφ)]− [φ∇•w]− S(φ0) = 0 , (16)

where operator [·] stands for implicit FV discretization. This form of the redistancing
equation with w allows using usual convective schemes [1] (i. e. upwind, NVD schemes,
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TVD schemes, etc.). In this paper, van Leer TVD scheme was extensively used [14]. The
third term in the above equation was treated explicitly or implicitly depending on the
sign of −∇•w part. If the term was positive, it was treated implicitly since it increases
diagonal dominance of the matrix. Otherwise, it was treated explicitly. For the first term,
implicit Euler scheme was used. Most often, τ was chosen to be equal to the smearing
distance ε. Using the OpenFOAM’s definition of Courant number, one can estimate the
Courant number for the redistancing equation as follows:

COφ =
wsfτ

dfsf
, (17)

where sf is the face area vector and df the distance vector between cell centre of the
owner and neighbour sharing the face. Using the absolute value of the above equation,
Cauchy-Schwarz inequality and the fact that meshes used in this paper are orthogonal, it
follows:

COφ =
|wsfτ |
|dfsf |

≤ |w|�
�|sf ||τ |

|df |��|sf |
=

1 · τ
|df |

=
ε

|df |
. (18)

For almost all of the simulations in this paper, smearing distance was ε = 2.5|df |, so the
Courant number was less than 2.5 according to the above equation.

The LS transport equation (5) was discretized similarly:[
∂φ

∂t

]
+ [∇•(uφ)] = 0 . (19)

The temporal term was again discretized by Euler implicit scheme, while the van Leer
scheme was often used for convective term.
Continuity and momentum equations are discretized in the usual FV fashion [17]. The
additional source terms in the momentum equation due to the gradient of the dynamic
viscosity and surface tension forces were treated explicitly. PISO algorithm was used for
pressure-velocity coupling.

Following above procedures, mostly second order accuracy was obtained. The algo-
rithm is implemented in OpenFOAM and its flow chart is given in Fig. 1.

4 TEST CASES

The presented algorithm is validated on two test cases. The first test case describes
standing wave in 2D wave tank. For this case, comparison was made with VOF method
and analytical solution. The second test case describes a 3D dam break on a fixed column.
Force exerted on the column as well as velocities at a location in front of the column are
compared with experimental results. The first phase is water with ρw = 1000 kg/m3 and
the second phase is air with ρa = 1 kg/m3 for all simulations.
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Figure 1: Flow chart of the solution algorithm.
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4.1 Standing wave in 2D wave tank

This case deals with a standing wave in 2D tank. This case was analytically inves-
tigated by [12] and used extensively as a test case for numerical simulations [16], [6].
Computational domain is rectangular with length of 1 m and height of 1.5 m, while mesh
consists of 100 cells in length and 150 cells in height. All boundaries are treated as slip
boundaries, except at the top where an atmospheric boundary condition is specified. The
kinematic viscosities for both phases are set to zero while the gravity is set to 1 m/s2.
Initial condition on the free surface elevation is:

y(x) = 1 + a0 sin[π(0.5− x)] , (20)

where a0 = 0.05 m is the oscillation amplitude. The first mode of oscillation can be
evaluated analytically with following equation [6]:

T = 2π[gk tanh(kH)]−1/2 . (21)

k = π is the wave number and H = 1 m is the average depth. Fig. 2 presents free surface
elevation on the left wall and Tab. 1 provides comparison of mean calculated zero crossing
periods with analytical result. Mean zero crossing period shows excellent agreement with
analytical results for both LS and VOF.
Three different boundary conditions for LS variable φ were tested. The first one was the
von Neumman boundary condition, or zero gradient. Secondly, generalised von Neumman
with an extrapolated gradient was used. This boundary condition fixes the value of ∇nφ
with the explicitly calculated one from the previous time step using first order extrapo-
lation. Finally, Dirichlet boundary condition was used with the fixed value on φ set from
the previous time step. The results obtained with these boundary conditions were almost
identical. Hence, they will not be presented.

Table 1: Comparison of mean zero crossing period with analytical result.

Analytical VOF Level Set
3.55 s ≈ 3.56 s ≈ 3.56 s

4.2 3D dam break on a column

The second test case is an extension of a classical dam break case for numerical valida-
tion of free surface flows. This is a 3D dam break problem with fixed column with square
cross section. The geometry and experimental results can be found in [7]. Longitudinal
force exerted on the fixed column was measured as well as velocities at the point in front
of it. The probing point is located at 146 mm in front of the column in the symmetry
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Figure 2: Free surface elevation on the left wall: standing wave case.

plane, and 26 mm above floor. Computational domain almost exactly corresponds to the
experimental setup. The only difference is the atmospheric boundary which is set at 0.25
m above the top of the column. Mesh is block structured and orthogonal, consisting of
approximately one million hexahedral cells. All boundaries have no-slip boundary condi-
tion except at the top where atmospheric boundary condition is prescribed. The initial
condition can be seen on Fig. 3a. It should be noted that authors [7] were not able to
exactly quantify the water depth initially placed beyond the gate, but they estimated it
to around 5 to 10 mm. Here, value of 7.5 mm is used. Gravity is set to 9.81 m/s2. Fig. 3
shows the evolution of free surface coloured by magnitude of velocity. Fig. 4 and Fig. 5
compares force and velocity with experimental data, repsectively. Finally, volume frac-
tion α in symmetry plane is shown at the time of returning wave impact in two figures:
Fig. 6 with LS and Fig. 7 with VOF. The LS method has better force prediction than
VOF, especially after the first impact. This is due to the fact that VOF smears out the
interface due to numerical errors (numerical diffusion). However, both methods under
predict maximum experimental force: LS by ≈ 6% and VOF by ≈ 4%. It is believed that
better results could be obtained with finer mesh. It should also be noted that the CPU
time for LS simulation was approximately 7.5 hours.

5 CONCLUSION

A conservative level set method implemented in OpenFOAM is presented and evalu-
ated. The method is primarily intended for simulations of two-phase flows with violent
free surface behaviour. Second order accuracy in space is accomplished by the collocated
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(a) t = 0 s, (b) t = 0.25 s,

(c) t = 0.5 s, (d) t = 0.75 s,

(e) t = 1 s, (f) t = 1.25 s,

Figure 3: 3D dam break on a column: free surface at different time instants.
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Vuko Vukčević and Hrvoje Jasak

Figure 4: Comparison of computed force with experimental results.

Figure 5: Comparison of computed velocity at probing location with experimental results.
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Figure 6: Volume fraction in symmetry plane, LS simulation.

Figure 7: Volume fraction in symmetry plane, VOF simulation.
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finite volume method. Even though block structured hexahedral meshes were used, this
method has arbitrary polyhedral mesh support.

Evaluation of the presented method was carried on two test cases. They both show
very good agreement with available analytical and experimental results. These simula-
tions show that it should be straightforward to extend this method for simulations that
include wave like behaviour of free surface in larger domains. Results also indicate that
this method could be used for evaluation of natural frequencies occurring in free surface
flows. 3D dam break on a column shows that this method can effectively capture violent
free surface effects. To conclude, it is believed that this method could serve as an efficient
interface capturing tool for simulations regarding ocean waves and seakeeping problems.
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